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Abstract
It is is explained why physical consistency requires substituting linear ob-
servables by nonlinear ones for quantum systems with nonlinear time evolution
of pure states. The exact meaning and the concrete physical interpretation
are described in full detail for a special case of the nonlinear Doebner-Goldin
equation.
1 Schrodinger dynamics
































































2 IR ; c 2 C ; 	 2 H n f0g : (3)









= probability density for particle position at time t ;
(4)
1

















2 IR 	 2 H : (5)
In other words:
1
A Schrodinger dynamics is a norm conserving propagator fullling (3).





























































































2 IR ; 	; 2 H n f0g (6)










































































(	) 8 c 2 C (8)









+ V (~x; t)
!


























































































































2 IR ; c 2 C ; 	 2 H n f0g ;
where ' is some real-valued function. Since we are mainly interested in the Doebner-Goldin equation,
here, this generalization is not necessary. The physical importance of (3) was extensively discussed
in [8].
2
Equation (9) is the special case c
1
=  1 ; c
2
= : : : = c
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= 0 ; c
3
= 0 ; c
4
=  1 ; (11)


















+ V (~x; t) ; (12)
is aliated to 
t
by some nonlinear norm conserving intertwining operator N :

t
N =N  
0;t






















	(~x) if 	(~x) dened and 6= 0
0 else
: (13)
(see [9, Sect. 3.4]). By Lebesque's bounded convergence theorem [6, p. 110] it is easily
seen that (13) denes a strongly continuous norm conserving mapping N
D
from H

































2 Consequences of nonlinearity
Let us denote by P (H) the set of all orthogonal projections in H :
P (H)
def
= fP 2 B(H) : P = P

P g :
Then the following is well known (see, e.g., [12, x3{2]).
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as can be easily checked when 	(~x) = e
 x




























on H ; where dimH 





























h	 j i	 for  2 H ; 	 2 H n f0g :
Perhaps less well-known is the following.
































































































for 	 2 H n f0g ; P 2 P (H) :
Proof of Theorem 2.2: As usual, denote by T (H) the set of trace class operators




























= fT 2 T (H) : T  0 ; tr(T ) = 1g








































for t 2 IR ; T 2 T (H) :
5




= 1 , U
t
cannot be anti-unitary. But this is
of no relevance here.
4
denes a family of invertible linear mappings 
t
: T (H)  ! T (H) , mapping S(H)



















8	 2 H n f0g
(see [2, Corollary 2.3.2]). By (the easy part of) Wigner's theorem this shows that
f
t
g is linear. Conversely, (16) follows from linearity of the Schrodinger dynamics by
(the nontrivial part of) Wigner's theorem.




is linear if and only if one of the
following (equivalent) statements is correct:
(i) The following primitive causality condition holds:
Let t 2 IR and P 2 P (H) . Then there is a P
0
2 P (H) fullling
!
	






) 8	 2 H :
(ii) There is a Heisenberg picture in the usual sense:










8	 2 H :
(iii) Let t 2 IR and P ;P
0
2 P (H) . Then
!
	
















) = 0 8	 2 H :
3 Faster than light signals?




is nonlinear, then (16) does not hold for all
t 2 IR and P 2 P (H) . This can be understood as a warning that causality problems
(faster than light signals) might arise in a nonlinear theory.
6
Let us have a qualitative
discussion of this problem without any assumption concerning the measuring process.
6
See [5] and also Gisin's contribution to these proceedings.
5
To have a simple model let us begin with standard Schrodinger theory of one par-
ticle in an external potential V (~x; t) , i.e. time-evolution is given by some unitary
propagator U
t


























































































































































































for which we assume 4 as in ordinary two-particle Schrodinger theory. Even though
N
D






































are (essentially) localized in the `laboratory' and that














































































) are pairwise or-
thogonal the partial state with respect to the `observables' A








































, however, this orthogonality can be (suciently) destroyed by applying a


























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































This way the partial state with respect to the operators A
 1 changes in a way not
depending on the distance of the `moon' from the `laboratory'.
Clearly things can be arranged
10
such as to produce faster than light
signals in a realistic way, if all linear observables can really be
measured.
Admittedly, we used the additional assumption, that 	
t
describes a state that can
experimentally prepared.
7




(	)  	 .
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for x 2 (0;+1) ,






































In principle these considerations can be made numerically precise.
7
4 Generalized projection valued measures
The essential message of Theorem 2.2, Lemma 2.3 and the discussion in Section 3 is
twofold:
(i) For a nonlinear theory not all P 2 P (H) should be considered as actually
measurable (in principle).
(ii) For a nonlinear theory one should add some kind of nonlinear observables
to identify the initial conditions of classical mixtures and to restore primitive
causality as well as the Heisenberg picture.
Denition 4.1 A one-parameter family A of mappings E
B
: H  ! H , dened
for all Borel sets B  IR is called a generalized projection valued measure
11
(GPVM), if the following requirements are fullled:










































(B) = 1 =) E
B
(	) = 	 :
Denition 4.2 A GPVM A = fE
B
g is called an observable if for every Borel set
B  IR there is (in principle) an experimental test with the following properties:











(	) (wave packet collapse a la Luders)
of the state vector 	 .
11
Maybe this is not a good terminology, because it is only the probabilities that are additive.
8
An observable A = fE
B
g is called bounded, if E
C
= 1 for some compact subset C
of IR . It is called linear if all the E
B
are orthogonal projections. The expectation
value for an observable A = fE
B






















holds for all t 2 IR and for all Borel sets B  IR .
Let the quantum system be in the state !
	
at time t = 0 . Then the probability for
getting a positive outcome for both a test at time t
1





























































































































































































Unfortunately, an observable E = fE
B
g is not uniquely characterized by its expec-
tation values, unless it is restricted to be linear. However:
\It can be maintained that all measurements are reducible to position
measurements (pointer readings)." [11]
This suggests that, in principle, the physical interpretation is already completely xed










for the observable of the j-component of the position vector.
5 Physical identication of nonlinear observables
A typical measurement procedure for one-particle systems is as follows:
Apply exterior elds F such that those particles for which A has a value






















































































As an example let us derive the nonlinear observable of linear momentum for the
theory dened by (15)/(13), now for ~x 2 IR
3
and with the additional restriction
V = 0 . Assuming momentum conservation (4) implies
12

















































































From (21) we easily derive the following.
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{ contrary to what Weinberg guessed
14
[13, Sec. 2] { do not coincide for
D 6= 0 ;
~p
D




































































































This fact is a reasonable consequence of nonlinearity of the dynamics.
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= 0 ; c
3




6 Consistent physical interpretation












: A 2 A ; IR  B Borel
o
:












) 8	 2 H n f0g =) E = E
0
:














) 8	 2 H n f0g
and the ortho-complementation : , thanks to (C1) uniquely characterized by
!
	
(:E) = 1  !
	
(E) for E 2 P
A
(H) ; 	 2 H ;
P
A
(H) becomes a -complete orthomodular lattice (quantum logic).








are exactly those of the form !
	
; 	 2
H n f0g .
(C4) The Schrodinger dynamics 
D;t

























is a -additive mapping ! : P
A
(H)  ! [0; 1] with !(1) = 1 ,





(H) : !(E) = !(E
0
) = 1 =) !(E ^E
0
) = 1 :



















) = 0 8	 2 H n f0g :
12
Lemma 6.1 Let A be the set of observables for the Schrodinger dynamics f
t
g ful-
lling conditions (C1){(C4). Then:

























































(E) 8 t 2 IR ; E 2 P
A
(H) :
(ii) Primitive causality holds in the following sense:
For every t 2 IR and for every E 2 P
A














) 8	 2 H n f0g :
(iii) There is a nonlinear Heisenberg picture:

















8	 2 H :

















is isomorphic to the standard quantum logic, the isomorphism
 : P (H)  ! P
A







for P 2 P (H) :
Since, by the correspondence









































































our special nonlinear theory becomes physically equivalent to standard linear quantum
mechanics, we see:
A nonlinear theory need not a priori be less consistent than a linear one.
Challenge:
Find a suitable Schrodinger dynamics f
t
g (dening the formal singulari-
ties) for the original Doebner-Goldin equation (9) and a set A of GPVM's
respecting (C1){(C4).
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